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1 Introduction

Let S;, be the symmetric group on n letters and let ¢ € S,, be a permutation of
length n. We say that o has a square root if there exists a permutation 7 € S,, such
that 0 = 72. Clearly, 0 may have one or more square roots, or it may have none.
Let S,% be the set of all permutations of length n which have at least one square
root. Then the probability that a randomly chosen permutation of length n has a
square root is given by

152

n!

p(Sn)

The properties of p(S,,) have been studied by some authors. Asymptotic prop-
erties of p(Sy,) were studied in [1], [3], [7] and in [4], which is devoted to the proof of
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a conjecture of Wilf [12] that p(S,,) is monotonically non-increasing in n. Therefore,
it is natural to replace S,, by an arbitrary finite group G and study
G?|

p(G) = W7

where G? denotes the set of all elements of G which have at least one square root.

In this paper, we study the basic properties of p(G), the probability that a
randomly chosen element in a finite group G has a square root. It is always true
that )

cl <p(@) <1,

in particular we characterize the groups G which assume the minimum and the
maximum values. We calculate p(G) in the case in which G is a simple group of Lie
type of rank 1 or when G is an alternating group. A table of p(G) for the sporadic
finite simple groups is also given. Of course, this will give us some examples of
the possible values of p(G) and is the beginning of a possible more complete study
about finite simple groups. We also prove that 0 and 1 are accumulation points for
the subset {p(G) |G is a finite group} of the interval [0, 1].

2 Basic Properties

Let G be a finite group and let g be an element of G. If there exists an element
h € G for which g = h2, then we say that g has a square root. Clearly, g may have
one or more square roots, or it may have none. Let G2 be the set of all elements
of G which have at least one square root, i.e., G> = {g € G| there exists h €
G such that g = h?}, or simply G? = {¢? | g € G}. Then

|G|

p(G) = W

is the probability that a randomly chosen element in G has a square root.
We observe that the identity of a group G has trivially a square root. Therefore,
we have
= Sp@) <L
G|
We want to characterize the groups G for which p(G) assumes the minimum and
the maximum values.

Proposition 2.1. Let G be a finite group. Then we have:
(i) p(G) =1/|G| if and only if G is an elementary abelian 2-group.
(ii) p(G) =1 if and only if |G| is odd.

For the proof of the above result, we need the following remark.

Remark 2.2. Let G be a finite group and suppose g,z € G such that g = 2. Then
either |z| = |g| is odd, or |z| = 2|g|.
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Proof of Proposition 2.1. (i) If p(G) = 1/|G|, then only the identity has a square
root. Since every element of odd order has a square root, G cannot have non-trivial
elements of odd order. Therefore, G is a 2-group. If exp(G) > 2, then there exists
an element x of order 4 and therefore 22 (# 1) has a square root, contradicting the
hypothesis. Therefore, exp(G) = 2 and so G is an elementary abelian 2-group.

Conversely, if G is an elementary abelian 2-group, then only the identity has a
square root, so p(G) = 1/|G]|.

(ii) Suppose that p(G) = 1. This means that every element in G has a square
root. Suppose, by contradiction, that |G| is even. If P is a Sylow 2-subgroup of G,
let 2" be the exponent of P and y an element of P of order 2". Let y = 2 for some
x € G, then by Remark 2.2, we have |z| = 2|y| = 2""L, contradicting the fact that
exp(P) = 2". So |G| is odd.

Conversely, if |G| is odd, then for any g € G, |g| is odd and therefore there
exists an element z such that g = 22. So every element in G has a square root and
therefore p(G) = 1. O

By Proposition 2.1, to avoid trivialities we can suppose that |G| is even. In this
case, we denote by P a Sylow 2-subgroup of G. The following proposition presents
a better lower bound for p(G) when G is a solvable group.

Proposition 2.3. Let G be a finite group of even order, and P be a Sylow 2-
subgroup of G. If G is solvable, then p(G) > 1/|P|. Moreover, if G is nilpotent,
then p(G) = p(P).

Proof. Let H be a 2/-Hall subgroup of G. Then |H| is odd, |G| = |H||P| and we
have H = H? C G2. Therefore,

G? _ |H H 1
oGy = 1C1 5 1H_ H

~IGI T A6 =[P [P
Moreover, if G is nilpotent, then there is a subgroup @ for which G = P x ) and
|Q| is odd. Therefore, p(G) = p(P x Q) = p(P)p(Q) = p(P). -

It is easy to calculate p(G) if G is abelian.

Theorem 2.4. Let G be a finite abelian group. Then we have:
(i) p(G) =1/(1+t(Q)), where t(G) is the number of involutions of G.
(ii) p(G) < 1/2 if and only if |G| is even.

Proof. (i) Since G is an abelian group, G? is a subgroup of G. It is now easy to see
that f : G — G? where f(x) = 22 is an epimorphism. Therefore, G /Ker(f) = G*.
Thus,

G? 1 1 1

p(G) = il = = 2 _ = ’

Gl ~ KDl ~ {weGlaZ =1} 1+ 40)

where t(G) is the number of involutions of G.
(ii) We know that ¢(G) > 1 if and only if |G| is even. Therefore, (ii) is a

consequence of (i). O
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Corollary 2.5. For any € € R with € > 0, there exists a finite (abelian) group G
such that 0 < p(G) < e.

Proof. Let n be a positive integer such that 1/2" < e and consider a finite elementary
abelian 2-group G of order 2". Then we have p(G) = 1/2" < e. O

The general case is not so easy to deal with. We can observe that neither (i) nor
(ii) of Theorem 2.4 hold in the general case, as the following examples illustrate.

Example 2.6. Let G = Dy, be a dihedral group of order 2n. If C is the normal
cyclic subgroup of G of order n, then every element of G\ C has order 2. Therefore,
G? = C? and

_ 6% _[¢?] _ p(©)

el 2er 2

On the other hand, if C is of even order, then p(C) = 1/2; and if C is of odd order,
then p(C) = 1. Therefore,

p(G)

1/4 if n is even,
(G) = I
1/2 if n is odd.
This example shows that p(G) can have no relation at all with the number of
involutions in G. In fact, if G = Dan, then ¢(G) = 2"~ + 1, while p(G) = 1/4.

Ezample 2.7. Let G = A4 be the alternating group on 4 letters, then p(G) = 3/4
>1/2.

3 Simple Groups of Lie Type of Rank 1

In this section, we calculate p(G) in the case in which G is a simple group of Lie
type of rank 1. This will give us some examples of the possible values of p(G) and
is the beginning of a possible more complete study about finite simple groups. We
recall that the simple groups of Lie type of rank 1 are the projective special linear
groups PSL(2,q) with ¢ > 4 a prime power, the Suzuki groups Sz(q) = By (q) with
q # 2 an odd power of 2, the Ree groups R(q) = 2G5 (q) with ¢ # 3 an odd power
of 3, and the projective unitary groups PSU (3, ¢?) with ¢ # 2 a prime power.

We observe that if g is an element of odd order of a finite group G, then g has a
square root. We also remark that if g has a square root, then every conjugate of g
has also a square root; it is therefore enough to consider the representative of each
conjugacy class. Finally, we sometimes consider the set G'\ G? in order to obtain
p(G) since it generally requires less calculations.

Proposition 3.1. If G = PSL(2,q) with ¢ > 4 a prime power, then

_)3/4 if q 1s odd,
p(C) = {(q —1)/q if q is even.
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Proof. We recall that |G| = q(q¢ — 1)(¢ + 1)/d, where d = (2,q — 1). Let v be a
generator of the multiplicative group of the field of ¢ elements. Denote

(10 (10 g (10 (v 0
“\o 1) L1 1) “=\wv 1) “=\o vt )

and b an element of order ¢ + 1 (Singer cycle) in SL(2,q). By abuse of notation,
we use the same symbols for the corresponding elements in G. From the character
table of SL(2,q) (see [6, Theorem 38.1] and [8]), one gets easily the character table
of PSL(2,q). We reproduce it below for the convenience of the reader.

We first suppose that ¢ is odd and ¢ =1 (mod 4). Then in the above notation,
the elements 1, ¢, d, a' and o™ for 1 <1< (¢—1)/4and 1 <m < (g —1)/4 form a
set of representatives for the conjugacy classes of G. The complex character table
head of G is

x class representative ‘ 1 ‘ c ‘ d ‘ at ‘ ale—1)/4 ‘ bm

Ca(2)] Gl plp| @12 a—1 | (@+1)/2

for 1 <l<(¢g—1)/4and 1 <m < (¢—1)/4. We count the elements which do not
have square roots.

If a is the element of order (¢ — 1)/2 defined above, then the elements of even
order of G are conjugate to some power of a. If we consider the subgroup (a),
then the number of elements which do not have square roots in (a) is exactly
[{(a}|/2 = (¢ — 1)/4 by Theorem 2.4. Since the (distinct) conjugates of (a) have
trivial intersection with (a), the total number of elements of G which do not have
square roots is obtained by multiplying (¢ — 1)/4 by the number of conjugates of
(a), which is |G : Ng({a))|. Hence,

e = 6 wo(ap = 1+ 4L - AL

We now suppose that ¢ is odd and ¢ = 3 (mod 4). Then in the above notation,
the elements 1, ¢, d, a' and b™ for 1 <1< (¢—3)/4and 1 < m < (g +1)/4 form a
set of representatives for the conjugacy classes of G. The complex character table
head of G is

x class representative ‘ 1 ‘ c ‘ d ‘ al ‘ pm ‘ plat+1)/4

O ()] Gl plp|@-1)/2] @+r1/2] a+1

for 1 <1< (¢g—3)/4and 1 <m < (¢+ 1)/4. We count the elements which do not
have square roots.

If b is the element of order (¢+1)/2 defined above, then the only elements of even
order of GG are conjugate to some power of b. If we consider the subgroup (b), then
the number of elements which do not have square roots in (b) is exactly |(b)|/2 =
(¢+1)/4 by Theorem 2.4. Since the conjugates of (b) have trivial intersection with
(b), the total number of elements of G which do not have square roots is obtained
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by multiplying (¢ + 1)/4 by the number of conjugates of (b), which is |G : Ng((b))|.
Hence,
2, _ [(B)] g+1 |G| _ |G|
=—|G: Ng((b))|=——=—.
We conclude p(G) = 3/4 in both cases.
If ¢ = 2™, then the only elements which do not have square roots are the elements
of order 2. There is only one class containing ¢ — 1 elements, therefore

21 1 -1
p@y=1--L-L _y 1_a-l 0
q(q* - 1) q q

Corollary 3.2. For any ¢ € R with € > 0, there exists a finite (non-abelian simple)
group G such that 1 —e < p(G) < 1.

Proof. Let n be a positive integer such that 1/2" < € and consider G = PSL(2,q),
where ¢ = 2". Then we have p(G) = (¢—1)/g. On the other hand, 1—€¢ < (¢—1)/q
< 1, therefore 1 — e < p(G) < 1. O

Proposition 3.3. If G = Sz(q) with ¢ = 27, f > 3 an odd positive integer, then
p(G) =(¢—-1)/q.

Proof. We recall that the order of G is ¢?(¢>+1)(¢—1), where ¢ = 2¢, f > 3 an odd
positive integer. The conjugacy classes of the Suzuki groups are well known (see,
for example, [10] or [2, Theorem 5.10]). The group G only has semi-simple classes
and four unipotent classes. By [2], the Sylow 2-subgroups of G have exponent 4.
Therefore, the only elements which do not have square roots are the elements of
order 4, which are non-real. There are two classes of elements of order 4, each class
containing (¢ + 1)g(q — 1)/2 elements. We can conclude that

_,_(@+Deg-1) 1 g-1
v [ A A -

Proposition 3.4. If G = R(q) with ¢ = 35, f > 3 an odd positive integer, then
p(G) =5/8.

Proof. We recall that the order of G is ¢*(¢® + 1)(q — 1), where ¢ = 3/, f > 3 an
odd positive integer. The conjugacy classes of the Ree groups are well known (see,
for example, [11]). Since all the elements of odd order have square roots, we recall
here the conjugacy classes of the elements of even order of G:

x class representative |Ca(z)]
JT 2q
JT1 2q
JR® q—1
J St q+1
J 9(¢ = 1)(g+1)
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with1 <a < (¢g—3)/4and 1 <b < (¢—3)/8. Here J is an element of order 2, whose
centralizer is (J) x L with L = PSL(2,q) and therefore has order q(qg — 1)(qg + 1).
Moreover, R, S, and T are elements of L such that |R| = (¢ — 1)/2 (odd), |S| =
(g +1)/4 (odd), and |T| = 3.

Also, JR® has order 2|R%|, and a = 1,..., (¢ — 3)/4. The centralizer of JR"
has order ¢ — 1. Moreover, (JR?*)? = R?® and therefore no element of the type JR®
has a square root in G.

Finally, JS® has order 2|S®|. Here S = S2 with Sy an element of L of order
(¢ + 1)/2. Using the character table of PSL(2,q) (see [6]), we easily obtain that
there are (¢ — 3)/8 such classes. The centralizer of JS® has order ¢ + 1. Moreover,
(JS%)? = S?° and therefore no element of the type JS° has a square root in G.

Since there is no element in G of order 4 or 12, the elements J, JT, and JT !
do not have square roots. Then

G G G -3 |G -3 |G 3
Gl 16l 161, a=3 16l _a=3 |Gl _

2 PR R B RIS Ll — —
GGl = q(¢>—-1)  2¢q 2q 4 g-1 8 q+1 8|G|'

Therefore, p(G) = 5/8. O

Proposition 3.5. If G = PSU(3,q¢*) with q a prime power and d = (3,q+ 1),
then
p(G) = (5¢° +3q —4)/8q(g + 1) if q is odd,
(¢* —q—d)/q*(g+1) if q is even.

Proof. The character table of G can be found in [9]. We reproduce the character
table head below for the convenience of the reader. Let 6, o, p, and w be elements
of the field F,2 with ¢* elements such that 8% # 1, w® =1, 097! = p, and p?*! = 1.
Denote

1 00 1 00 1 0 0
1=l 01 0], a=[1 10|, =46 1 0 |,
00 1 00 1 0 0 1
ok 0 0 P 0 1 0 0
=1 0 pF 0 . odp=1| 1 pF 0w 0 |,
0 0 p2k 0 0 p2 0 0 w?
£ 0 0 ok 0
Seam=1{ 0 o 0 ), g=[ 0 0"
0 0 pm 0 0

and 7 an element of order (¢?> — g+ 1)/d in PSU(3,¢?). By abuse of notation, we
use the same symbols for the corresponding elements in G. The complex character
table head of G is
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conjugacy z class parameters number |Cq ()|
class representative of classes
(o 1 1 |G|
Co a 1 #lg+1)/d
cl b; 0<I<d-1 d ¢
i Ck <Sk<(@+1/d)-1 | ((g+1)/d)—1 |q(g+1)*(¢—1)/d
ck dy 1<k<((g+1)/d) =1 | ((g+1)/d) 1 alg+1)/d
Cs e (d—1)/2 (g+1)?
cgtm Frtym 1<k<I<(g+1)/d |(P—q+1-d)/6d| (q+1)?/d
l<m<qg+1
k+1l+m=0 (mod g+ 1)
ck 9k 1<k<(¢*-1)/d (4> —q—2)/2d (¢ —1)/d
k#0 (mod ¢g—1)
ck=cr*
(mod (¢° —1)/d)
Cy T L< k< ((@2—g+1)/d)—1 | (¢*—q+1-d)/3d| (4> —q+1)/d

e = e, =t
(mod (¢ — g +1)/d)

We count the elements which do not have square roots. We first suppose that
q = 2™ is even, then all the semi-simple elements have square roots. Therefore, the
only classes we have to consider are Ca, C, and C¥ with [ and k as described above.
We observe that there is only a conjugacy class Co of elements of order 2. Since
expy (PSU(3,22")) = 4, the elements of order 2 have square roots. The elements
of the classes C} have all order 4, and therefore they do not have square roots for
any 0 <[ <d-—1.

We observe that if there exists an element g such that g € CF for some k, then
also g € C¢ for some 4. But if g € C¢, then g2 € C3'. Therefore, the elements of the
classes C¥ do not have square roots.

We therefore count them:

lel IGld q+1—d
Play
& q(¢g+1) d

@ +q+d

2| _ - -
A= P

=G

Hence, s
¢ —q—d
p(G) ¢*(qg+1)

We now suppose that ¢ is odd. The elements of the classes C1, Ca, C4, C§ and C&
with [ and k as described above have all odd order and therefore they have square
roots.

We observe that g,(cqfl)/ Zis a square root of (a conjugate of) the element c.
Therefore, all the elements in the classes C} have square roots.

We observe that the conjugacy classes CF where 1 < k < ((¢+ 1)/d) — 1 are
in one to one correspondence with the non-trivial classes of a cyclic group of order
(g +1)/d. Moreover, we observe that if there exists an element g such that ¢g* € C¥
for some k, then also g € C¢ for some i. Therefore, there are exactly (¢ + 1)/2d
classes such that their representatives do not have square roots.



Elements with Square Roots in Finite Groups 685

We consider the conjugacy classes C¥ with k as described in the character table.
Then gy is a square if and only if &k = 2/ (mod (¢> — 1)/d). Therefore, there are
exactly (¢® — 1)/4d classes such that their representatives do not have square roots
since CF = 27",

We consider the classes Cg LM with k, I, and m as described in the character
table. We first suppose that d = 3. We observe that fi; ., is a square if and only
if k=2¢ (mod (¢4 1)/d) and | = 2j (mod (¢ + 1)/d). Then it is enough to count
the pairs (i, ) such that 1 <4 < j < (¢ + 1)/6. There are (¢*> — 4q — 5)/72 such
pairs. Since we are considering the elements which do not have square roots, there
are ((¢* —q—2)/18) — ((¢* —4q¢ — 5)/72) = (¢ + 1)(q — 1)/8d such classes.

If d = 1, then fi;m is a square if and only if k¥ = 2r (mod ¢ + 1), I = 2s
(mod ¢ + 1), and m = 2t (mod ¢ + 1). We count the triples (r,s,t) such that
I1<r<s<t<(g+1)/2andr+s+t=0 (mod (¢ +1)/2). The number is

((g+1)/2)2 =3(g+1)/2+2  ¢*>—4g+3
6 - 24 ‘

Since we are considering the elements which do not have square roots, there are
(> —q)/6) — ((¢* —4q + 3)/24) = (¢ + 1)(q — 1)/8d such classes.

Therefore, in both cases, we have (¢? — 1)/8d classes of the type Cg’l’m.

We can now count the total number of elements which are not square roots:

IGld ¢+1 |Gld ¢*—1 IGld ¢*—1
qlg+1) 2d  ¢>—1 4d (g+1)%2 8d

3¢ +5q+4

IGAG] = 8q(¢+1)

=G|

Therefore,

3¢ +5¢+4  5¢°+3¢—4
8q(q+1) 8q(qg+1)

p(G) =1

We observe that if G is a simple group of Lie type of rank 1, then p(G) > 1/2.
Therefore, one may ask: For which finite simple groups G, is p(G) > 1/27?

In Theorem 4.4 of the next section, we shall see that for almost all alternating
groups G, p(G) < 1/2. Moreover, if G is one of the sporadic groups M2, Ja, Ru,
Cos, Cog, Fisa, HN, Fis3, Co1, B, and M, then p(G) < 1/2.

Using the character tables in [5], it is easy to calculate p(G) for the sporadic
finite simple groups. If G is a sporadic finite simple group, then the values of p(G)
range from p(Ru) = 193/640 to p(Maz) = 35/48:
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G p(G) G p(G)
M 7/12 M, 19/48
Ji 5/8 Mao 35/48
Js 97/240 Mg 109/168
HS 641,/1280 J3 71/120
Moy 2531/4480 McL 1313/2520
He 2251/4480 Ru 193/640
Suz 24959/45360 O'N 141/256
Cos 602501/1451520 Coq 215003/516096
Figo T77325/1769472 HN 42553 /88000
Ly 191527/356400 Th 62873/120960
Fiss | 1410125881/3503554560 || Coy | 2475448999/6227020800
Jy 11959273/21288960 Fib, | 3975787073/7472424960
B 0,409880211038948 M 0,442588701109859

4 Symmetric and Alternating Groups

Let S, be the symmetric group on n letters. As already mentioned, some properties
of p(Sy,) were studied by several authors:

Theorem 4.1. [12] The probability that a randomly chosen permutation of Sy,
(n > 1) has a square root is given by

00 n o (1t\1/2 o ]
1+n;1p(5n)t —<m> nglcosh(%)

1 1 1 1. 3 3 7 7
=14t+ -4+ + -+ P+ 4+ 28— — 2+
Tl gt gt gt ghrglh gttt +

By the above theorem, the first terms of the sequence {p(Sy)}n>1 are

T
20" 200

ol w
ool w

o
o
o
o

We now cousider the alternating group A,, (n > 2), and give the analogue of the
above theorem.

Theorem 4.2. The probability that a randomly chosen permutation of A, (n > 2)
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has a square Toot is given by

2+2t+ Y p(4,)t"

n=2

= 2(1+t) ﬁcosh(tz’") ( ﬁ (1+t22m 1))( Hcosh( ") lo-‘[; (tzm)>

m=1

3 3 3 2 9 143
242 4+2 4+ 3+ St S5+ 246 T4 — B Y
FRAAE AT P 0 St on T

For the proof of the above result, we need the following lemma.

Lemma 4.3. Let o be a permutation on n letters. Let c; denote the number of
cycles of length i in the disjoint cycle decomposition of o. Then o € A,? if and
only if the following two conditions are satisfied:

(i) cok is even for all k,

(ii) 1= )", cor s a multiple of 4 or coj—1 > 1 for some j.

Proof. First suppose o € A,% so that there exists 7 € A,, with o = 72. Clearly, the
square of a cycle of length k is a cycle of length k if k is odd, and is the product
of two cycles of length k/2 if k is even. Therefore, a cycle of length 2k in o can
only be obtained by squaring a cycle of length 4k of 7. This gives the product of
two cycles of length 2k in o. Therefore, cof, is even. To prove (ii), suppose for each
j, we have cgj_1 < 1. Therefore, the disjoint cycle decomposition of ¢ consists of
[ =", cai cycles of even order of lengths 2k, ... ,2k; and possibly some cycles of
odd length, each length 25 — 1 appearing only once. Therefore, 7 consists of [/2
cycles of lengths 4k, ... , 4k; /o and maybe some cycles of odd length. Since 7 € A,
1/2 is even, and therefore | = )", co is a multiple of 4.

To prove the converse, first note the following two constructions. If a cycle
(a1 az az -+ ai) has odd length, then it is the square of the cycle (by bg bg - - bg),
where by = ay, b3 = as, bs = as,..., and the subscripts are taken modulo k.
Thus, any cycle of odd length is the square of a cycle of the same length. More-
over, for any two cycles of the same arbitrary length, such as (a1 as --- ax) and
(by by -+ by), consider (a; by az by --- ag by). Then (aj by ag by -+ ay by)? =
(a1 az -+ ag)(by ba --- bg). Therefore, the product of two cycles of the same
length is the square of a single cycle of doubled length. Now suppose o has prop-
erties (i) and (ii) as in the assertion. We shall construct 7 € A, such that o = 72.
According to (i), we can write o as the product of an even number of cycles of
even length and some number of cycles of odd length. Divide these cycles of even
length into groups of two cycles of equal length, using the scheme explained above.
Now if [ = >, cor, = 4s for some s, this product of cycles can be represented as
the square of /2 cycles of even length. Similarly, each of the cycles of odd length
is the square of a cycle of the same length. Therefore, we obtain a permutation 7
such that o = 72 and 7 has /2 cycles of even length and some cycles of odd length,
so 7 € A,. Otherwise, if | = >, cor, = 45+ 2 for some s, then by (ii), there are
at least two cycles of the same odd length, say of length 2j — 1. Now divide the
cycle decomposition of ¢ into the following groups: groups of two cycles of equal
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even lengths (there are [/2 such groups), a group of two cycles of length 2j — 1,
and the rest, which are some cycles of odd length. Each of these groups is a square
of a cycle, but note in particular that we write the two cycles of length 25 — 1 as
the square of a single cycle of length 45 — 2, while we write the other cycles of odd
length as the square of a cycle of the same length. Thus, we obtain 7 such that
o = 72 and 7T consists of [/2 cycles of even length, another cycle of length 45 — 2
(even), and some cycles of odd length, so 7 € A,,. O

Proof of Theorem 4.2. We are looking for the generating function of the sequence
{p(4,)}n>2. Consider the cycle type vector (c1,co,...) of a permutation of n let-
ters. By Theorem 4.7.2 of [12], the coefficient of (] _; 2, )¢"/n! in the product
[15_, exp(@mt™/m) is the number of permutations of n letters whose cycle type
is (e¢1,¢2,...). The infinite products and infinite sums occurring in the assertion

and in the following proof are considered as elements of the ring Clx1, z2, .. .][[t] of
formal power series in the variable ¢ over the polynomial ring Clzy,zo,...] in the
infinitely many variables x1,x2,... . The elements exp, cosh, and cos are certain

formal power series, which coincide with those derived by the Taylor expansion of
corresponding analytical functions. Using this, it is easily checked that all products
and sums occurring indeed are well defined.

Firstly, we calculate |S,?\ 4,%. By Lemma 4.3, ¢ € S,,*\ A4, if and only if
co, is even for all k, cp;_1 is 0 or 1 for all j, and the number of cycles of even length
is 2 (mod 4). Therefore, with an argument similar to that used in [12, p.147], one
can obtain the generating function of the sequence {Sn2 \AnQ}nZQ. As ¢y, should
be even for all k£ and cp;—; < 1 for all j, the terms exp (mmtm/m) in the product
[1_ exp (xmtm/ m) should be replaced by 1 + x,,t"/m and cosh (J:mtm/ m) for
odd and even m’s, respectively. The obtained expression is of the form

(

To impose condition ) com = 2 (mod 4), we need some more tricks. Replacing

each x9,, in Hizl cosh (chmtzm/Qm) by szom,, it is trivial that we only need to

compute powers of s of the form s¥~2 in

2m—1

t - 2
(1 + Toym—_1 m)) (ml__Il cosh (Jﬁgm%)>

2

m=1

H cosh xgm

But since F' contains only even powers of s, it is enough to compute powers of s in

(F(t,s)—F (t,is)) = (H cosh J:Qm H cos J:Qm t2m)).

N | =

Finally, if we replace s by 1, we obtain the generating function of the sequence
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{Sn2 \ AnQ}n22:

(m: (1+ xzm_l%)) (% (F(t,1) - F(t,3) )
= %( 10—1 (1+ z2m— 151 e )( fj[lcosh xzthm 1—:[ cos (Tam 2m)>,

Therefore, |S,? \ A,2| for n > 2 is equal to the coefficient of t"/n! in

;(,ﬁl (1 )( H cosh H cos tQm )

On the other hand, by [12, p. 148], |S,,?| for n > 2 is equal to the coeficient of " /n!

in -
1+t\1/2 t2m
(75) " ILeot

Hence, |A,%| for n > 2 is equal to the coefficient of ¢ /n! in

t2m 1

t2m—1 t27n 0 tQm

()" ﬁ cosh ()5 ﬁ (1)) (T o ()= T e (5

Therefore, p(4,,) for n > 2 is equal to the coefficient of t" in

14+t\1/2 &2 t2m 00 $2m—1 t2m
(1—t) Hcosh <WH1(1 o — 1 )(Hcosh Hcos )
ie.,
3 3 3 2 9 143
24+ 2+ + 3+ St SO S ST S8 0
2t S T8 A ST St ot
as required. O

By the above theorem, the first terms of the sequence {p(Ay)}n>2 are

§§§29143

1’1’444§ 167 240°

We now come back to the alternating group to consider the asymptotics of
p(4,), as it is done for the symmetric groups in [3]: lirf p(Snp) =0.
n—-+0o0o

Theorem 4.4. lim p(4,)=0.

n—-—+o00

Proof. Clearly, A,,* is a subset of S,,?, so |A,?| < |S,2| and hence p(4,,) < 2p(S,,).
Now lim p(S,) =0 implies lim p(4,)=0. O
n—-+00 n——+oo

We can then reformulate Corollary 2.5.
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Corollary 4.5. For any € € R with € > 0, there exists a finite (non-abelian simple)
group G such that 0 < p(G) < e.

Finally, we recall another theorem which holds for the group S, but has no
analogue for the group A,,.

Theorem 4.6. [12] For each n € N, we have p(San) = p(San+1)-

From the first terms of the sequence {p(4,)}n>2, we can observe that in this
case, there is no analogue to Theorem 4.6. In fact, for example, p(4g) # p(A7).
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